Abstract. The thermodynamic functions and scaling exponents (including the Kolmogorov and Flory exponents) of a vortex filament in thermal equilibrium are calculated, giving a quantitative content to earlier qualitative analyses. The numerical results uncover a percolation property of vortex filaments near the maximum entropy state. The implications of the results for the onset of turbulence, for the structure of its inertial range, and for superfluid vortices are discussed. In particular, it is shown that vortex stretching pushes a vortex system to a polymeric state and a Kolmogorov spectrum.
Introduction
In an earlier paper [9] it was suggested that some properties of turbulent flow as well as of superfluid flow can be studied through the analysis of the statistical equilibria of vortex filaments. In particular, it was suggested that the inertial range of scales is in approximate thermal equilibrium, and it was shown that the vortex equilibrium of maximum entropy has a Kolmogorov spectrum. Other properties of turbulent vortices, in particular vortex folding, were also explained by an equilibrium model, and an analogy with an ansatz recently proposed in an XY model and in superfluidity was pointed out.
The goal of the present paper is to flesh out these ideas with a quantitative analysis of vortex equilibria. In particular, the energy and the entropy will be calculated as a function of the temperature and the vortex length, and the scaling exponents, in particular the Flory and Kolmogorov exponents for a filament, will be tabulated. A single filament will be considered, for reasons explained below. The calculations reveal an interesting percolation property of vortex filaments near the maximum entropy state that consists of "polymeric" configurations and has a * This work was supported in part by the Applied Mathematical Sciences subprogram of the Office of Energy Research, U.S. Department of Energy, under contract DE-AC03-76SF-00098, and in part by the National Science Foundation under grant number DMS89-19074 Kolmogorov spectrum. This percolation property provides an explanation of the mechanics that create the maximum entropy state; in brief, the maximum entropy state lies at the boundary between positive and negative temperature states; a vortex of negative temperature is driven towards that boundary by vortex stretching, and a vortex of positive temperature is driven towards that boundary by an energy cascade.
A Review of the Properties of Vortex Filaments
Consider a "vortex" filament that consists of N oriented links that coincide with the edges of a regular cubic lattice of mesh h in three space dimensions. Do not require the filament to be closed (see the discussion below). Ensure that the filament is self-avoiding, i.e., that no point is the end point of more than two links, and thus in particular, no two links coincide. Let i be a multi-index that denotes the location of a link, and let ~i be the corresponding "vorticity" vector. For simplicity, assume the filament has 'rcirculation" 1, and thus _~i is a vector of length h pointing in one of six directions. (This construction is carried out in detail in [-3, 6] .) Assume that the energy of the filament is given by where li-jl is the distance between i and j. The expression (1) where ~ is the vorticity field and _x is the spatial variable. In I~q.
(1) we neglect the "self-energy" of the segment, i.e., the contribution to that portion of the six-dimensional (_x, _x') space where _x and _x' belong to the same link. As discussed in [-3, 4, 6] , the self-energy is negligible for a vortex of finite length, or having a smooth core, or one that is sufficiently smooth in the direction of its axis. We shall assume that one of these conditions is satisfied.
Assume that the probability of obtaining a given vortex configuration is proportional to the Gibbs weight exp (--E/T) , where E is the energy (1) and T is a temperature. Both positive and negative values of T must be allowed [9] , as in the statistical mechanics of vortices in the plane [-21] ; remember that a negative temperature is "hotter" than a positive temperature [-16] . Consider a vortex filament of N links, and define the quantity
where r~v is the end-to-end length of the vortex, and < > denotes an average with respect to the Gibbs weight. Let #1 be the limit of/~I,N as N--. oe. If T= 4-o% all configurations of equal length are equally probable; self-avoiding configurations of equal weight are a standard model of polymer statistics [-11 ], and we shall consistently call the case T= _ m the polymeric case. In the polymeric case #t is the Flory exponent, #t ~0.59 [18] . We shall call #I,N the "Flory exponent" even if T+ oe and even in the cases where the limit N--* oe has not yet been reached.
